Introduction
Parametric and some nonparametric statistical inferences and modeling are valid only under certain assumptions. One of most common assumptions in the literature is that of symmetry of the underlying distribution. If the underlying distribution is not symmetric the question becomes how to define the appropriate location and scale measures. Thus to choose the appropriate statistical analysis, we need to check for underlying assumptions, including symmetry. Most tests of symmetry available in the literature typically have low statistical power and fail to detect a small but meaningful asymmetry in the population. Examples of those tests have been suggested by Butler [1] , Rothman and Woodroofe [2] , Hill and Rao [3] , McWilliams [4] and Ozturk [5] . McWilliams's [4] runs test of symmetry is more powerful than those provided by Butler [1] , Rothman and Woodroofe [2] , Hill and Rao [3] against various asymmetric alternatives. Tajuddin [6] , proposed a test for symmetry based on the Wilcoxon twosample test and found his test to be more powerful than the runs test.
Baklizi [7] suggested a runs test of symmetry based on the conditional distribution and demonstrated that it performed slightly better than the unconditional test by McWilliams [4] . Baklizi's test is also very robust for misspecification of the median. Modarres and Gastwirth [8] [9] provided a modification to McWilliams [4] runs test based on Wilcoxon scores to weigh the runs. Their procedure improved the power for testing symmetry when the center of the distribution is known. However, their test did not perform well when asymmetry is focused on regions close to the median. Samawi [10] investigated the use of extreme ranked set sample (ERSS). Samawi et al. [11] used (ERSS) to provide a more powerful runs test of symmetry. Finally, Samawi et al. [12] used the overlap coefficient to test for symmetry and situations, the size r will be two, three or four. Rank the elements in each subset by a suitable method of ranking such as prior information, visual inspection or by the subject-matter experimenter himself. The i th order statistic from the i-th subset, i(i) X , i = 1, …, r, will be quantified (actual measurement). Finally, 1 X , X ,..., X constitutes the RSS. This will represents one complete cycle. The procedure can be repeated m-times as needed, to get a RSS of size n=Mr. A detailed explanation of uni variate RSS and its variations may be found in Kaur et al. [25] , Patil et al. [26] , Kaur et al. [27] and Sinha [28] . However, an extreme ranked set sample (ERSS) of size n=2m, is described by Samawi et al. [10] , is similar to RSS procedure except that we quantify only the minima or the maxima from each subject to get an ERSS as
X , X ,..., X X , X ,..., X . Now consider testing the null hypothesis of symmetry for an underlying absolutely continuous distribution (.) F with density denoted by (.) f : 0 : ( )
for some x. It is clear that under the null hypothesis of symmetry, if we let 1 2 ( ) ( ) and ( ) ( ) f x f x f x f x = = − then the overlap measure is equal to one ( 1) ∆ = , which will be our focus in this paper.
Samawi et al. [12] used the overlap measure ∆ to develop a new test of symmetry based on kernel density estimation of ∆ . The availability of kernel density estimation in some of statistical software also, motivated us to use ∆ when the sample in hand is ERSS. This paper will introduce a powerful test of symmetry based on ERSS overlap measure. The overlap test of symmetry using ERSS and its asymptotic properties are introduced is Section 2. A simulation study is given in Section 3. Illustrations using cardiac output data from neonates along with final comments are given in Section 4.
Test of Symmetry Based on ERSS Overlap Measure
X , X ,..., X X , X ,..., X be an ERSS random sample from an absolutely continuous and differentiable distribution (.) F having known median. Without loss of generality, we will assume the median to be zero. When the median or the center of the distribution is unknown, the data can be centered by a consistent estimate of the median. The implications on the asymptotic properties resulting from centering the data on a consistent estimator of the median are not intuitively clear. Therefore, further investigations are needed to study the robustness of the proposed test of symmetry and compare it with other available tests of symmetry in case of an unknown median. In this paper we will discuss only the case when the median of the underlying distribution is assumed known.
Consider the test for symmetry 0 : ( )
Under the assumption of symmetry, as it is a consistent nonparametric estimator of ∆ using ERSS. Under the null hypothesis of symmetry and some mild regularity assumptions, which will be discussed later in this paper, we will derive the asymptotic distributionˆE RSS ∆ to use it as a test of symmetry, say:
for large n=2m. An asymptotic significant test procedure at levela is to reject 0 H if 0 z z a < − , where z a is the upper a percentile of the standard normal distribution.
Kernel estimation of ∆using ERSS
Based on the results of Schmid and Schmidt [21] and Anderson et al. [29] we will study the asymptotic properties using ERSS. Using one of the several available nonparametric density estimation procedures, see for example Wegman [30] [31] , Van Kerm [32] and Chen and Kelton [33] , one can use the overlap coefficient estimators for inferential purposes. 
We will use a kernel function K that satisfies the condition
The kernel K is normally considered as a symmetric density function with mean 0 and finite variance; an example is the standard normal density. The kernel estimators of (1) ( ) ( ) and ( ) , 1, 2,...,
and
where C is the number of bins that depends on the sample size. In practice, we suggest to take integer of C m = (or the default setting of the software). Also, 
where X ,X ,...,X }. These were found to be adequate choices of the bandwidth for minimizing the integrated mean squared error (IMSE),
The bins used are as follows: Let 1
The bins will be selected as
w is an initial value chosen based on the minimum value used in R's calculation and 1 .
Using the aforementioned kernel estimator the nonparametric kernel estimator of ∆ is given by
which can be approximated by a trapezoidal rule, resulting in
is based on the univariate kernel for density estimation, : K →   . Some of the necessary regularity conditions imposed on the univariate kernel for density estimation sees for example Silverman [34] , Wand and Jones [35] and Schmid and Schmidt [21] are stated below: 
To show consistency ofˆE RSS ∆ , we use some of the kernel density asymptotic properties from Silverman [33] and Wand and Jones [34] under simple random sample (SRS). Under the assumptions 1-4 and assuming that the density : f →   is continuous at each i w , i=1, 2, …, C , and F(x) is absolutely continuous. Note that
are also absolutely continuous, therefore, the following apply: 
Since both variances converge to zero and for , 0, , 0 and ( , ) h h h h mh mh As in Samawi et al. [12] we can redefine ∆ as follows: for any two numbers a and b 
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(1) ( )
Using the above results and under the null hypothesis of symmetry, i.e. 
To prove that ˆP ERSS ∆  → ∆ , where ∆ =1 under the null hypothesis, we need to show that The asymptotic distribution of ˆE RSS ∆ under the null hypothesis, using the results derived by Anderson et al. [29] is as follows: Let
Under the above assumption, we have the following asymptotic result:
where,
, , and Z Z Z Z are independent standard normal variables and 0 { :| | 1}. T t t = ∈ <  However, under the null hypothesis that 1 
Simulation Study
To get some insights about the performance of our new test of symmetry based onˆE RSS ∆ we conducted the following simulation. We compared our proposed test of symmetry with its counterpart used by McWilliams [4] , Modarres and Gastwirth [8] and Samawi et al. [12] (using overlap measure) tests of symmetry.
McWilliams [4] runs test is described as follows: For any random sample of size n, let (1) (2) (a are from McWilliams [4] . Table 1a first showcases the estimated probability of type I error. Our test is an asymptotic test with a slight bias in ∆ estimation and in the variance estimation for a small sample size. For sample sizes more than 30, the test seems to have an estimated probability of type I error close to the nominal value 0.05. [7] . In all cases, our proposed procedure is even more efficient than the tests of symmetry proposed by Modarres and Gastwirth [8] , Modarres and Gastwirth [9] and Samawi et al. [12] In all of the tests within the comparison, the power of all tests of symmetry increases as the sample size increases. Finally the power of ˆE RSS ∆ based tests increases as the set size r increases
Illustration using Noninvasive Measurement of Cardiac Output by Electrical Velocimetry in Neonate Data
The samples selected in our illustration is from a study designed to evaluate the effectiveness of a new technology, Electrical Velocimetry (E.V.) for a non-invasive cardiac output (CO) and stroke volume (SV) in neonates [37] . One of the research questions is whether the CO measure is the same for low birth-weight infants and non-low birth-weight infants. Low birth weight is defined as less than 1.5 kg. Thus we compared CO for neonates with birth-weight less than 1.5kg to neonates with birth-weight greater or equal to 1.5kg.
As it is frequently the case for this type of study, the underlying distribution is assumed "normal", or at least symmetric. In either case, a test of symmetry is almost never considered in determining how to proceed in the analysis. Based on the conclusions of a test of symmetry, the analyst can choose the most powerful test for location. However, before deciding on the test procedure, we need to check the assumption of symmetry of underlying distribution of CO for the premature and term infants, with birth weight less than 1.5 gk and with birth weight greater or equal to 1.5 kg. Table 2a consists of two selected SRS samples of CO for neonates with birth weight less than 1.5 gk and neonates with birth weight more than 1.5 kg. Also, Table 2a consists of two selected ERSS samples of CO for both neonates with birth weight less than 1.5 kg and neonates with birth weight more than or equal to1.5 kg. Since CO measure and birth weight are positively correlated, the ranking was performed based on birth weights. ERSS samples in Table 2a consist of first half as the first order statistics and the second half as the third order statistics (the maximum). Table 2b has the results of the runs and overlap tests of symmetry for the underlying distribution for CO patients. From all samples, we reject the assumption that the underlying distribution is symmetric. Table 2b shows the results of the Mann-Whitney test for twoindependent samples. Table 2c shows that there is a significant difference on average in the CO measures between the low birth weight neonates (less than 1.5kg) and the non-low-birth-weight neonates (greater than or equal to 1.5kg).
Based on our simulation and real data example, the proposed test of symmetry based on ERSS sample overlap measure, appears to outperform the other tests of symmetry in the literature in terms of power. Our test is more sensitive to detect a slight asymmetry in the underlying distribution than other tests proposed in the literature. Drawing an ERSS is easier than the ordinary RSS and other RSS variations. Also, the kernel density estimation literature is very rich and many of the proposed and the improved methods are available on statistical software, such as SAS™, S-plus, Stata and R. Since overlap measures can be used in multivariate cases as well as in univariate cases, our proposed test of symmetry can be extended to multivariate cases for diagonal symmetry, conditional symmetry and other types of symmetry. In addition, our test procedure and kernel density estimation are valid under large sample size (n>30) 7/9 and some regular conditions such as light tail underlying distribution functions. However, our simulation indicates that our procedure is still perform better than other test even for a sample size n=30 or larger and different underlying distributions.
